SOLUCION

FACULTAD DE INGENIERIA
ECUACIONES DIFERENCIALES
SEGUNDO EXAMEN FINAL
SEMESTRE 2011-1

[> restart
RESPUESTA 1)

> Ecuacion = (ﬂ\%z —g) +y(x) -diff (y(x), x) =0;

2
Ecuacion := y()>(<)

d _
—g+yu>[w(wm)—o
> with(DEtools) :

> odeadvisor(Ecuacion)
[ [_homogeneous, class G], _rational, _Bernoulli]

> FI := intfactor(Ecuacion);
I Fl:= x2
> M(xy) = (sz —9)
2
M y) = 2 —g
(> N(xy) =y
N(x,y):=y

> MM(X,Yy) == expand(simplify(FI-M(x,y)));

MM (X, Y) ::xyz—gx2
> NN(XYy) :=FI-N(x,Y)

NN (X, y) = x2y

> comprobacion := diff (MM(x,y),y) —diff (NN (x,y), x) =0

comprobacion:=0=0
> IMM := int(MM(X, y), X);

1 3

1 22 1
IMM.—Zyx ng

> C:
> Solucion := IMM + int( (NN (x, y) — diff (IMM,y)),y) =_C1

Solucion := ; yzx2 — ; g X = C1

> SolucionGeneral := lhs(Solucion)-2=_C1
SolucionGeneral := y2 — g g X = C1

j> restart
FIN RESPUESTA 1)
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RESPUESTA 2)
> Operadorlnicial := expand((D —1)-(D+1));
] Operadorlnicial := D* — 1 (12)
> Ecuacion := diff (y(x), x$2) —y(x) =% —exp(-X)
Ecuacion ;= o (X) —y(x) = 1o (13)
X Y Y 2
[ > condiciones = y(0)=1,D(y)(0) =-1,
i condiciones :=y(0) =1, D(y)(0) = -1 (14)
> EcuacionHomogenea := lhs(Ecuacion) =0;
2
EcuacionHomogenea := 0?2 y(X) —y(x) =0 (15)
X
[ > Q(x) = rhs(Ecuacion);
1 -
Q) =5 —e X (16)
=> EcuacionCaracteritica := m--2 —1=0;
i EcuacionCaracteritica:=m’ —1=0 a7
> Raiz := solve(EcuacionCaracteritica);
Raiz:=1, -1 (18)

> Solucion, := y(x) :exp(Raizl-x); Solucion, := y(x) :exp(Rai22~x);

Solucion, :=y(x) =€

Solucion, :=y(x) =e™" (19)
;> _C:
> SolucionHomogenea := y(x) :_C1~rhs(Squcion1) +_C2~rhs(Squcion2);
SolucionHomogenea:=y(x) = _Cle‘+ C2e™* (20)

> SolucionNoHomogenea := y(x) =A(X) ~rhs(Squcion1) + B(X) -rhs(Squcionz);
SolucionNoHomogenea := y(x) =A(x) e+ B(x) e (21)
> AA:= array( [ [rhs(Solucion, ), rhs(Solucion,) |, [ rhs(diff (Solucion;, x) ),
rhs(diff (Solucion,, x) ) 1]);

eX e—X
A= (22)
g -e
=> BB := array([0, Q(x)]);
BB := l 0 ;—exl (23)

> with(linalg) :
> SOL := simplify(linsolve(AA, BB) );

(2A\



SOL := ‘111 (-1+4+2e%) e lll (-1+2e7) ¢*

Aprima := SOL,; Bprima := SOL,,

Aprima:=-=— (-1+2e) e

Bprima:= — (-1+4+2e7) €*

S

A(Xx) = int(Aprima, x) + _C1; B(x) := int(Bprima, x) +_C2;
1 x, 1/ x?2
Ax) = - e +Z%e) + C1

1 1

— x4
B(x) := 4e+2x+_02

SolucionGeneral := expand(SolucionNoHomogenea)

SolucionGeneral := y(x) = - 1.1 + Cle'+ ;

2 4¢

SistemaCondiciones := eval(subs(x =0, rhs(SolucionGeneral) =1)), eval(subs(x =0,
rhs(diff (SolucionGeneral, x)) =-1));
1

SistemaCondiciones := - 111 + C1+ _C2=1, 7 + Cl1—- _C2=-1

parametros := solve( {SistemaCondiciones}, { Cl1, C2})
5

parametros := {_Cl =0, C2= " }
SolucionParticular := simplify(subs(_Cl = rhs( parametros, ), _C2= rhs( parametros, ),
SqucionGeneraI) );
: : _ 103 1
SolucionParticular:=y(x) =-— 4+ —e "+ e "X
2 2 2
plot(rhs(SolucionParticular), x=0..1);
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=> plot( [rhs(SolucionParticular), rhs(diff (SolucionParticular, x) )], x=0..5);
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=> comprobacion := simplify(dsolve( { Ecuacion, condiciones}));
comprobacion := y(x) = —% + g e+ ; e x (31)

| > restart

FIN RESPUESTA 2)
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RESPUESTA 3)
> Ecuacion := diff (y(x), x$2) — 2-diff (y(x), X) +y(x) = M;
(1+x--2)
o d __ €
Ecuacion := (— j y(X) = 3 (32)
i d 1+x
> EcuacionHomogenea := Ihs(EcuaC|0n) 0;
EcuacionHomogenea := ;’ y(X) — ( (? y(x)) +y(x) =0 (33)
=> Q(x) = rhs(Ecuacion);
X
e
Q(x) = 5 (34)
i 1+x
> EcuacionCaracteristica:=m--2 —2-m+1=0;
i EcuacionCaracteristica:=m”> —2m+1=0 (35)
> Raiz := solve(EcuacionCaracteristica);
Raiz:=1,1 (36)

> Solucion, := y(x) :exp(Raizl-x); Solucion, := y(x) :x~exp(Raizl-x);

Solucion, :=y(x) =¢€”

Solucion, :=y(x) =x € (37)



> C:
=> SolucionHomogenea = y(X) :_C1~rhs(Squcion1) +_C2~rhs(Squcion2);
SolucionHomogenea:=y(x) = _Cle‘+ C2xe (38)
> SolucionNoHomogenea = y(x) =A(X) -rhs(Squcionl) + B(X) -rhs(Squcionz);
SolucionNoHomogenea := y(x) =A(x) €+ B(x) x € (39)
> AA:= array( [ [rhs(Solucion,), rhs(Solucion,) |, [ rhs(diff (Solucion,, x) ),
rhs(diff (Solucionz, x) ) ]])

e xe*
AA = (40)
e e +xe*
[ > BB := array([0, Q(x)]);
eX
BB:=| 0 41
1+x° (41)
;> with(linalg) :
> SOL := linsolve(AA, BB);
soL:=| -— : (42)
i 14+x% 14%
[ > Aprima := SOL,; Bprima := SOL,,
Aprima := - 3
1+X
Borima = L
prima := 5 (43)
i 1+x
> A(x) = int(Aprima, x) + _C1; B(x) = int(Bprima, x) + _C2;
A(x) = —; In(1+%°) + C1
| B(x) :=arctan(x) + _C2 (44)
> SolucionGeneral := expand(SolucionNoHomogenea);
SolucionGeneral := y(x) = - 1 In(1+x°) + _C1e*+xe arctan(x) +_C2 x & (45)

2

| > restart
FIN RESPUESTA 3)
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RESPUESTA 4)
> Sistema := diff (x(t), t$2) + diff (y(t), t$2) +4-x(t) =t-exp(-t), diff (y(1), t$2) + 4-x(1)
=0 : Sistema,; Sistema,,,

— y(t) +4x(t) =0 (46)




> Condiciones := x(0) =0, D(x) (0) =2,y(0) =0, D(y) (0) =2;
Condiciones:=x(0) =0,D(x)(0) =2,y(0) =0, D(y)(0) =2 47

[ > Solucion := dsolve( { Sistema, Condiciones}) : Solucion;; Solucion,;
x(t)=2e '+tet +3t—2

i y(t)=-16e"'—4ate'—28 +4 —10t+16 (48)
> plot( [rhs(Solucion,), rhs(Solucion,) ], t=0..1);
2
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[ > plot([rhs(Solucion, ), rhs(diff (Solucion,, t) ), rhs(Solucion,), rhs(diff (Solucion,, t)) ], t=0
.2)
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(> restart

FIN RESPUESTA 4)
<LLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLL

<<LLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLL
RESPUESTA 5)
|_> f(t) == (t—1)--2-Heaviside(t — 1);



] f(t) := (t—1)%Heaviside(t — 1) (49)
> plot(f(t),t=0..2)
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:> with(inttrans) :
> F(s) := laplace(f(t),t,s)

(50)

| > restart
FIN RESPUESTA 5
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RESPUESTA 6)
> with(inttrans) :
> f(t) :=exp(-t)-cos(2-t);g(t) := Dirac(t —1);
f(t) :=e'cos(2t)

g(t) :=Dirac(t—1) (51)
=> F(s) = laplace( f(t),t,s); G(s) := laplace(g(t),t,s);
F(s) = s+1
(s+1—-21)(s+14+210)
G(s):=e® (52)
=> H(s) == F(s)-G(s)
H(s) := (s+1)e” (53)

(s+1—-21)(s+1+21
> h(t) := invlaplace(H(s), s, t);

h(t) := Heaviside(t — 1) el

i “teos(2t—2) (54)
> plot(h(t),t=0..2)
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R(s) := 3( 5 ) (55)
S —25 +s

> r(t) := invlaplace(R(s), s, t);
r(t) := Heaviside(t —4) ((t—4) ¢~ *+1) (56)

=> plot(r(t),t=3..5)

[ > restart

FIN RESPUESTA 6)
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RESPUESTA 7)
> f(t) := t-Heaviside(t) - (t — 1) - Heaviside(t — 1) -Heaviside(t — 1); plot(f (t),t=0..2);
f (t) :=tHeaviside(t) — (t — 1) Heaviside(t —1) — Heaviside(t — 1)



0.9-
0.8
0.7
0.6-
0.5
0.4
0.3-
0.2
0.1

T ————T————
0 0.5 1 15 2

t

=> g(t) := Heaviside(t +1) — (t + 1) -Heaviside(t + 1) 4+ t-Heaviside(t) + f (t); plot(g(t), t=
-2..2)
g(t) := Heaviside(t + 1) — (t + 1) Heaviside(t 4+ 1) + 2 t Heaviside(t) — (t — 1) Heaviside(t
— 1) — Heaviside(t — 1)
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L:=2 (57)

ay:= (58)

Ci=— (59)




> a = (%)int(g(t)-cos( n-ii-t ),t:—L..L);

1 1 . (1
B 4(003( 5 nn) + 5 nnsm( 5 nn))

>

S

a = — (60)
" e e
> STF:=C —i—Sum(an-cos(%), n= 1..infinity);
1 1 . (1
© | 4 (cos(— nn) + = nnsm(— nn))
STF::£+Z 2 22 2 - 42 cos(innt) (61)
4 n=n n’m n’ 2
> STF;y, ==C +sum(an-cos(%), n :1..500) ;
> plot(STFggy t=0..2);
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[ > restart

FIN RESPUESTA7)
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[> restart
FIN EXAMEN
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